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Abstract. Since the industrial revolution when a German mining engineer August Wohler first 
studied the frequent breaking of chains causing several casualties and developed the concept of what 
we now know as the S-N curve, many experimental, theoretical and software-aided simulation 
techniques have been developed to study ageing material behaviour and to design new materials. 
Over time the demands placed on new materials have required operation under more severe 
temperatures and loads in order to conserve natural resources and minimise emissions. 

Fracture mechanics based finite element algorithms to simulate 3D cracks in components / 
structures have proved very useful in assessing the residual life and developing repair and 
maintenance strategies as mandatorily required by various licensing authorities for the continuous 
operation of infrastructure projects in Aerospace, Power, Transportation, Oil and Chemical 
industries under the ever more demanding operating conditions. Here one such software tool for 
crack simulation of industrial applications is presented with examples including combined fatigue 
and time dependent crack growth under thermo-mechanical loading including hold-time and weld 
defect assessment with inclusion of dis-similar materials. 

Introduction 

Fatigue failure is one of the most significant modes of failure and to predict the fatigue life of a 
structure requires full knowledge of both the load history and the material behaviour. Material 
strength is affected not only by cyclic loading but also by the environmental conditions surrounding 
the structure. Failures may also occur under sustained loads and high temperatures due to creep-
fatigue. Due to the random nature of granular structure, presence of cavities, non-linear effect of 
ductility / plasticity, crack-tip constraint, loading and environment, etc., at the microstructural level, 
it is not possible to generalise the behavior and develop a unified fracture mechanics theory based 
on continuum mechanics principles to assess the full fatigue life [1]. 
 
Much of the current work on assessment of residual life and integrity of a structure is based on 
linear elastic fracture mechanics (LEFM) principles due to the assumption that the plastic zone is 
small and constraint along the crack front is high. The Zencrack [2] software is most often used for 
crack growth studies under these assumptions. However, more complex behaviour and growth laws 
can be modelled for elastic-plastic crack tip models using user subroutines. For example, crack-tip 
models such as UNIGROW, Antolovich-Saxena and Kujawski-Ellyin [3,4,5] have been successfully 
used to simulate 3D crack propagation using Zencrack. 
 
In this paper we note some of the issues related to fatigue crack growth at low temperature and the 
analogies that can be used in high temperature cases. Some examples are provided of high 
temperature defect analysis for stationary and growing cracks. A further example demonstrates how 
the interaction of multiple material properties can be addressed for a defect at a weld location. 



 

Stationary cracks and fatigue crack growth at low temperature 

In pure linear elastic static loading at low temperature, the stress intensity factor K describes the 
stress field at the crack tip. As the load magnitude increases, the amount of plasticity increases as 
shown schematically in Fig. 1. In the small-scale yielding case both K and J characterize the crack 
tip conditions with a K-dominant zone extending beyond the J-dominant zone and a finite strain 
zone very close to the crack tip. As the load increases there is no longer a K-dominant region. Upon 
large scale yielding, there is no K or J dominant zone and a single parameter approach is not valid. 
In this regime a two-parameter fracture mechanics approach can be used with elastic T-stress, Q 
stress and the A2 parameter being considered as possible second parameters. This is not a subject for 
further discussion here but the plasticity scenario serves to help when considering creep. 

 

      
Fig. 1 – Schematic of crack tip zones for plasticity (left) and creep (right) 

 
At low temperatures, fatigue crack growth is a time independent process which is usually 

assessed via the stress intensity factor (K), energy release rate (G), or J-integral (J) under the 
assumption of small scale yielding. The evaluation of a single parameter that describes conditions at 
the crack tip is coupled with the load history and a crack growth law to calculate the crack growth 
rate, da/dN. For 3D cracks the evaluation of the fracture mechanics parameter must take place at 
multiple points along the crack front. The crack growth law may be a function of a number of 
parameters including stress ratio, R, load frequency, load cycle waveform and temperature. Typical 
examples are the Paris law, Eq. 1, and the Hartman-Schijve law, Eq. 2. [6] provides a review of 
many fatigue crack growth laws. 
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where: ∆K, ∆Kth = stress intensity factor range, threshold stress intensity factor range 
  Kc  = plane stress fracture toughness 
  a, N, R  = crack size, load cycles, stress ratio 
  C, n  = temperature dependent material parameters 

Stationary cracks and fatigue crack growth at high temperature 

At high temperatures, typically above 30-50% of the material melting temperature, the 
mechanisms of fracture become time dependent rather than cycle dependent and are affected by 
creep and environment with corrosion and oxidation playing a part in the crack growth in addition 
to effect of creep strain development. In this regime a crack may grow if the load is held constant 
for a period of time. Cycle effects may still exist within the loading sequence however, and crack 
growth is then a mixture of high temperature time dependent growth and cyclic effects. 

 
At high temperatures the stress field ahead of a crack evolves in a complex manner. Immediately 

ahead of the crack there exist zones of tertiary, secondary and primary creep surrounded by elastic 
material, Fig. 1. If the inelastic creep deformation zone near the crack-tip remains small compared 
to the crack size, stress intensity factor K remains the controlling parameter. This is the special case 



 

of small scale creep in which the K-dominant region outside the creep zone is analogous to the 
K-dominant zone for the small scale yielding case. 

 
As time progresses the stress state constantly changes. No single parameter can characterize all 

of the possible stress states. At very high temperatures however, limitations of the K-dominant 
LEFM assumption can become apparent as the inelastic zone increases causing significant non-
linear deformations to develop within the primary, secondary and tertiary regions. 

 
Plasticity and creep are often represented by similar power laws with rate terms in the creep 

equation replacing rate independent terms in the plasticity equation. The similarity in the stress 
fields is shown in Table 1. 

 
Table 1 – Correspondence between plasticity and creep 

Plasticity Creep 
HRR (Hutchinson, Rice, Rosengren) 
stress field at the crack tip: 

 

RR (Riedel-Rice) 
stress field at the crack tip: 

 
 
For steady state creep, C* replaces C(t). 

 

  
Fig. 2 – Correspondence between J-integral and C*-integral definitions 

 
C* is the (steady state) equivalent in creep to J in plasticity. The C*-integral is defined in a 

similar way to the J-integral (originally defined in [7]) with rate terms used in place of strain and 
displacement terms (Fig. 2). The path independency of the C*-integral only applies when steady 
state conditions are prevailing i.e. the creep strain rates are much larger than the elastic strain rate in 
the body. This will be true after long times and when the remote load is constant. For general creep 
the term Ct is used in place of C* to indicate that the stress magnitude depends on time.  

 
Time dependent crack growth experiments performed at high temperatures combine two effects, 

namely creep and environmental processes such as oxidation and corrosion. For a given material 
and temperature, one process may dominate over the other. This is one of the reasons why different 
parameters such as stress intensity factor, K, or the C*-integral or Ct-integral have been used by 
different researchers to correlate with experimental data. 

 
Under cyclic loading conditions at elevated temperatures, conditions governing the appropriate 

characterising parameter very much depend on the cycle time Tcycle (duration of the fatigue cycle) 
and the transition time from small scale to widespread creep. At low temperatures and high 
frequencies (i.e. low Tcycle) fatigue crack growth is cycle dependent and characterized by ΔK. 
Whereas at very high temperatures and very low frequencies (i.e. very high Tcycle) crack growth is 
completely time controlled. 



 

Various researchers have concluded that the appropriate parameter to characterise crack growth 
would depend on the environmental sensitivity of the material and its creep ductility. It is therefore 
suggested that that time dependent crack growth may be grouped in two categories in which it 
occurs either by brittle or ductile mode. In a brittle mode, the crack growth takes place essentially in 
a continuous manner along the grain boundary through a grain sliding mechanism. An aggressive 
environment would accelerate the crack growth rate and the effect of the crack tip stress relaxation 
due to creep would not be significant. Therefore the conditions of small scale creep would apply and 
a linear elastic fracture mechanics parameter K may be used. A ductile mode of creep crack growth 
will apply where micro-cracks (or voids) initiate in front of the crack-tip and coalesce. Therefore 
crack growth would occur due to the accumulation of creep damage coalescing with the main crack. 
In this case the creep zone is relatively large and the K field is not valid. The Ct-integral or 
C*-integral would apply. 

Creep-fatigue crack growth 

An approach used to calculate the combined effect of fatigue and time dependent crack growth is 
a linear summation through the load cycle of the fatigue and time contributions (e.g. [8], [9]): 
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[10] presents a summary of approaches used by several authors. A generalization must be 
adopted which is able to account for major and minor cycles effects within random load time 
history: 
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where: da/dN is the effective overall growth rate for a single full load cycle, 
  da/dn is the growth rate due to an individual fatigue cycle within the load cycle, 
  da/dt is the instantaneous time dependent growth rate. 
 
Summation of Eq. 4 provides the accumulated crack growth history: 
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However, there is a range of temperatures and strain rates, especially due to environmental 
conditions, where strong interaction can cause a higher rate of crack growth than the mere 
arithmetical combination. For example: 

 
• An aggressive environment always has a strong influence on the time dependent part of 

the crack growth. 
• Because of the synergetic interaction between mechanical and environmental conditions 

the effect of loading frequency can greatly affect crack growth rate. Presence of moisture 
and corrosive environment due to oxygen can easily cause hydrogen embrittlement and 
alter metallurgical properties on both crack surfaces and ahead of the crack-tip. 

• A corrosive environment can affect the threshold region of crack growth - ∆Kth is 
generally reduced. 

 



 

For evaluation of the effective overall growth rate using Eq. 4, it is required that K is evaluated 
for the fatigue law and therefore it is assumed that the time dependent law will also be a function of 
K. A time dependent growth law must be defined in addition to a temperature dependent fatigue 
growth law. An appropriate time dependent law may range from a simple Paris type law (Eq. 6 [11], 
Eq. 7 [12]) to a more complex law that embodies all the effects of corrosion, oxidation, 
microstructure, environment and temperature. One such law, based on a rate dependent Arrhenius 
law, is the COMET law, Eq. 8 [13]. 
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where: K, Ct  = stress intensity factor, Ct-integral 
  a , t, TC = crack size, time, temperature in degrees Celsius 
  C, D, n  = temperature dependent material parameters 
  A, B   = temperature independent material parameters 
 
Within the high temperature simulation scenario the stress intensity factor K is sometimes used 

with or without recourse to a creep analysis. If a creep analysis is carried out, the J-integral is 
replaced by the rate equivalent Ct-integral. In terms of simulation to assess defects and crack growth 
at high temperature, a decision must be made about which parameter and methodology is 
appropriate depending upon the creep behavior of the material. If the material is creep brittle, then 
small scale creep conditions will apply and a K-dominant zone will exist. If the material is creep 
ductile, or for very long creep times for creep brittle materials, the Ct-integral should be used. 

Integration of general loading history for creep-fatigue crack growth 

In the combined fatigue and time dependent analysis framework required by Eq. 4, the crack 
growth integration must use the raw load vs time history and the cycle counted version of that data. 

 
The approach taken by Zencrack is to associate each counted fatigue cycle with the time at which 

the maximum load level of the cycle occurs within the time history. An example is shown 
schematically in Fig. 3. The integration proceeds by integrating segments of the load vs time history 
to give da/dt contributions with instantaneous da/dn cycle contributions added as their time points 
are reached. The effect of increasing crack size is also accounted for during the integration. 

 

    
 

Fig. 3 – Example of “time positioned” counted cycles 
 
In a 3D crack front this integration process must be carried out separately for each node on the 

crack front using appropriate materials data for that particular node point. In this way, a crack may 
be allowed to traverse a material interface. Further, the integration process must ensure that the 



 

entire crack front advances in a consistent way i.e. the total time change at the end of a step within 
the integration process must be the same for all nodes on the crack front. This procedure, which is 
implemented in Zencrack, ensures correct prediction of the crack shape. 

Example - Creep analysis of an embedded crack in a reheater drum to calculate C* 

This example is of a steel reheater drum. The model is a sector of the drum including one stub, 
Fig. 4. The load is constant internal pressure of 4.14MPa. The drum inner radius is 457.2mm, outer 
radius 541.34mm. The stub inner diameter is 31.4mm and the outer diameter 48.3mm. The analysis 
is performed using a creep power law, Eq. 9. An embedded defect of irregular shape is modelled in 
the drum wall (Fig. 4, Fig. 5). The defect of overall width 67.5mm and height 42.2mm lies on an 
inclined plane close to the bore of the stub. The aim of the analysis is to calculate C*. 

 (9) 

where: , q = uniaxial equivalent creep strain rate, uniaxial equivalent deviatoric stress 
  A, n   = material properties 
 
The analysis is performed using C3D20R elements in Abaqus [14]. At the crack front the 

elements are collapsed 20 noded brick elements. Results for two crack tip models are shown. The 
first uses the tip modelling method which produces a r-1 singularity in the stress field (generally 
referred to as an elastic-plastic tip model). The second model does not try to enhance the stress field 
and uses a single node at each crack tip position, again with the midside nodes at their midside 
positions. The former should be more appropriate for a Ct-dominant zone. 

 
The finite element solution provides the general Ct-integral and it becomes the responsibility of 

the user to determine the steady state C* distribution. The issue then becomes: when is steady state 
reached? There are several things to consider and the solution of the analysis must be reviewed with 
these points in mind in order to determine a whether a suitable C* condition has been achieved: 

 
• The C*-integral is constant under steady state creep. 
• The contour integral calculation is path independent under steady state creep. The results 

from the first contour are expected to be numerically least reliable. 
• In steady state the creep strains continue to increase linearly with time and will be larger than 

the elastic strains. The simple power law creep model does not include any tertiary creep 
effects, so if the analysis is continued for too long, the creep strains become unrealistically 
high. The results shown here are for analysis time up to t=106hr. 

 
Fig. 5 shows two key positions on the crack front that are used in the subsequent xy plots. The 

distance along the crack front is measured from the green point in the direction indicated. The 
position having the peak final Ct value is shown by the yellow point. Fig. 6 and Fig. 7 show the 
Ct-integral distribution along the crack front at the end of the analyses for the r-1 and normal tip 
models respectively. It is expected that contour 1 produces least accurate results and that other 
contours should be path independent (if steady state has been reached). Clearly the normal tip model 
performs slightly worse of the two cases since contours 1 and 2 are both different than the other 
contours. Otherwise, the Ct magnitudes and distributions for the two tip models are very similar. 
Fig. 8 and Fig. 9 show the Ct-integral variation with time at the point having the highest final Ct 
value. In Fig. 8 the x axis covers the entire time period. The path dependence of the contour integral 
values at low times can clearly be seen. On this scale it appears that path independence is reached at 
around t=1000. In Fig. 9 the x axis is zoomed in and shows that there continues to be a small change 



 

in the Ct value through to the end of the analysis, although the rate of change is very low (and is 
exaggerated somewhat by the log scale of the plot). 

 

  
Fig. 4 – External mesh of the drum and stub and the internal embedded defect 

 

 
Fig. 5 – Key positions on the crack front 

 

 
Fig. 6 – Ct-integral along the crack front for r-1 

tip model, at time=1e6hr 

 
Fig. 7 – Ct-integral along the crack front for 

“normal” tip model, at time=1e6hr 
 

 
Fig. 8 – Ct-integral time history for position with 

highest final Ct 

 
Fig. 9 – Ct-integral time history for position with 

highest final Ct (zoomed x axis) 
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Example - Crack growth in TMF test specimens 

Fig. 10 shows the geometry of a test specimen. A starter crack is modelled at the mid-length 
position: a quarter circular corner crack of radius 0.5mm in the 7mm x 7mm square cross section. 

 

 
Fig. 10 – Test specimen geometry 

 
The finite element model is a half symmetry model with the crack introduced by Zencrack at the 

symmetry plane. The crack tip is modelled with collapsed crack front elements having quarter point 
nodes. The load is applied at a single point and distributed onto the cylindrical outer surface of the 
end of the model using a distributed coupling constraint. The load and temperature time histories are 
defined using *AMPLITUDE definitions. The temperature changes are applied instantaneously 
throughout the body (i.e. the temperature is uniform through the model at any time instant). The 
Abaqus *CONTOUR INTEGRAL option is used to calculate energy release rates along the crack 
front through the time history. The analysis uses temperature dependent Young’s modulus and 
Poisson ratio for coarse grained RR1000. This is a high strength nickel based alloy developed by 
Rolls-Royce for disc applications [15]. Temperature dependent Walker coefficients are used for the 
fatigue law and a COMET law (i.e. Eq. 8) is used for the time dependent growth law. The crack 
growth is calculated using Eq. 4 and the integration procedure described earlier. 

 
The simulations use linear elastic modelling with temperature dependent material and K-based 

crack growth laws. The high temperature effects that occur in the physical specimen are embodied 
within the two crack growth laws that are derived from test data correlated against K solutions [16]. 
Small scale creep conditions dominate in this high strength alloy making K a valid parameter. 

 
An initial cracked mesh and an analysis result showing calculated growth profiles superimposed 

on the geometry are shown in Fig. 11. Several load and temperature histories were defined as part of 
this study with testing also being carried out. A typical load cycle is shown in Fig. 12. The aim of 
the process was to determine whether simulation using “standard” growth laws could be applied to 
predict growth in complex thermo-mechanical load cycles. More detailed comparison of the 
simulation and test results can be found in [16]. 

 

 
Fig. 11 – Mesh for initial crack (left) and growth profiles superimposed on the geometry (right) 

 



 

 
Fig. 12 – Load and temperature time history 

Example - Growth of a defect across a multi-material weld zone 

This example is a butt weld of structural steel pipe with OD = 57 mm and WT = 9.5 mm under a 
mixed loading of internal pressure of 0-758bar (R=0) that occurs every hour and 644-758bar 
(R=0.85) every minute (shown schematically in Fig. 13). The pipe, weld and initial crack geometry 
are shown in Fig. 14. The defect is idealized as an elliptic lack of fusion defect from radiography 
examination. The ellipse major, minor axes and inclination are: 3.6mm, 1.8mm, 10° to pipe axis. 
The ellipse centre is offset from the material interface at the inner wall: axial 1mm, radial 1.5mm. 

 
The elastic properties for the base and weld metal are different (Table 2). The crack growth 

properties are also different for the two stress ratios of 0 and 0.85 (Table 2). For finite element 
analysis the former presents a difficulty in that element distributions to describe the crack front 
conflict with the definition of the material interfaces. To resolve this, Abaqus and Zencrack user 
subroutines allow material properties to be defined as a function of position. If a point is within the 
weld region, then weld properties are applied, otherwise base properties are applied. This means that 
the element distribution can meet the crack front requirement, with some approximation in the 
representation of the material interface. This is discussed in more detail in [17]. 

 
Crack growth in the radial-axial plane was calculated using Zencrack up to the point where the 

crack opened to the external surface (leak before break). At this point the stress intensity factor had 
become close to but still not reached the threshold of unstable growth (KIc). Calculated profiles for 
the simulation are shown in Fig. 15. For clarity a subset of the full set of profiles is shown. 

 
A key aspect of the differences in the crack growth data is that the threshold, Kth, for the R=0.85 

loading is much higher than for the R=0 loading. This means that as the crack grows, growth from 
the R=0.85 loading is not activated until K exceeds the higher threshold value of 21MPa-m1/2. Since 
there is a distribution of K values along the crack front, this means that there will be a local region, 
where K is highest, in which the effect of the low amplitude high frequency loading is first 
activated. The effect of the low amplitude loading gradually extends along the crack front as the K 
values increase. This can be confirmed by considering four individual profiles and their K values 
close to the region where the crack shape starts to change. Fig. 16 and Fig. 17 confirm the 
expectation of the K>21 region extending and the growth increasing in those regions due to the 
activation of growth from the R=0.85 loading. These complex interactions between load and 
material properties must be accounted for within the crack growth integration scheme in order to 
correctly obtain this type of crack shape development. Fig. 18 shows profiles for a simulation with 
only R=0 loading. The profile shape remains much more uniform with changes in shape attributed 
to the different material properties. These profiles also show that analysis can be continued beyond 



 

the leak condition with two through wall defects. Additional load case comparison and discussion 
for this simulation can be found in [17]. 

 
Table 2 – Elastic properties, crack growth laws, threshold and failure 

(units: da/dN m/cycle, K MPa-m1/2.) 
    R = 0 R = 0.85 

 E (GPa) Poisson 
ratio 

KIc C m Kth C m Kth 

Weld 210 0.33 65 1.35x10-12 3.6 6 1.13x10-16 5.8 21 
Base 205 0.33 65 1.60x10-14 4.8 5.5 1.34x10-18 7.0 21 

 

 
Fig. 13 – Schematic representation of load variation 

 

 
 Fig. 14 – Geometry and initial crack location 

 

 
Fig. 15 – Calculated crack profiles for 

combined R=0 and R=0.85 loading 

 
Fig. 16 – Five selected profiles - analysis steps 
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Fig. 17 – K values for the profiles in Fig. 18 

 
Fig. 18 – Calculated crack profiles for R=0 

loading 

Summary 

Some discussion has been provided on the similarity of some aspects of creep behavior when 
compared to elastic-plastic behavior. In particular for simulation purposes the relationship between 
small scale plasticity or creep and a K-dominant zone compared with more widespread plasticity 
and creep and a J or Ct dominant zone. 

 
These material behaviours are included as part of the framework that must be in place to solve 

crack simulation problems that involve complex material behavior as well as complex load 
histories. 

 
Examples have been provided showing how software such as Zencrack [2], coupled with 

commercial finite element codes, is able to provide solutions to such problems. 
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